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Abstract
Stark’s Conjectures were formulated in the late 1970s and early 1980s. The most general
version predicts that the leading coefficient of the Maclaurin series of an Artin L-function
should be the product of an algebraic number and a regulator made up of character val-
ues and logarithms of absolute values of units. When known, Stark’s conjecture provides
a factorization of the analytic class number formula of Dirichlet. Stark succeeded in for-
mulating a “refined abelian” version of his conjecture when the L-function in question
has a first order zero and is associated with an abelian extension of number fields.
In the spirit of Stark, Rubin and Popescu formulated analogous “refined abelian” conjec-
tures for Artin L-Functions which vanish to arbitrary order r at s = 0. These conjectures
are identical to Stark’s own refined abelian conjecture when restricted to order of van-
ishing r = 1. We introduce Popescu’s Conjecture C(L/F, S, r). We prove Popescu’s
Conjecture for multiquadratic extensions when the set of primes S of the base field is
minimal given minor restrictions on the S-class group of the base field. This extends
the results of Sands to the case where #S = r + 1. We present three infinite families
of settings where our methods allow us to verify Popescu’s conjecture. We formulate a
conjecture that predicts when a fundamental unit of a real quadratic field must become
a square in a multiquadratic extension.
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Chapter 1
Introduction
Popescu’s conjecture [16] represents a generalization of Stark’s refined abelian con-
jecture [22]. When K/F is an abelian extension of number fields and S is finite set of
primes of F containing all infinite and ramified primes as well as at laest one prime v that
splits completely in K/F , the latter conjecture posits the existence of a distinguished
S-unit, K/F,S, of K. This element is known as the “Stark unit” for L/K and is con-
jectured to satisfy remarkable arithmetic properties. The element K/F,S evaluates the
first derivatives at s = 0 of all Artin L-functions LK/F,S(s, χ) associated to the extension
K/F . Stark’s refined abelian conjecture holds trivially for a large class of extensions. If
all Artin L-functions associated to K/F vanish to order larger than one at s = 0 then
the conjecture holds with K/F,S = 1. This occurs, for example, when the base field
F 6= Q is a totally real field and K is also totally real.
Popescu’s conjecture, C(K/F, S, r), extends Stark’s refined abelian conjecture to L-
functions whose derivatives at s = 0 vanish to arbitrary order r. This order of vanishing
is accomplished by requiring that S contain r primes that split completely in K/F and
no fewer than r + 1 primes in total. Popescu’s conjecture also specifies an L-function
evaluator K/F,S which will no longer be a single S-unit. The conjecture predicts that
1
K/F,S will be an element of a certain sublattice of a vector space generated by the r-th
exterior power of the S-units of K. Upon applying a regulator map to K/F,S, one is able
to evaluate the r-th derivatives of all Artin L-functions for K/F . Popescu has proven
that this conjecture satisfies a base change property that allows one to ascertain its truth
in some cases provided that one knows that Stark’s refined abelian conjecture holds for
a related extension.
Popescu’s conjecture is is known to hold, for example, when K/F is a quadratic
extension [18]. It is known to hold when r = 1 and Stark’s refined abelian conjecture
holds as the conjectures coincide. It is also known when one may apply the base-change
property to a setting where Stark’s refined abelian conjecture is known.
Sands [20] has identified the evaluator L/F in the setting where the extension is mul-
tiquadratic. In this setting, L/F is a sum of the evaluators associated to the relative
quadratic subextensions of L/F . He proved Popescu’s conjecture for such extensions
given mild restrictions on the class group ClF,S when #S > r + 1. He also proposes
a weaker conjecture C ′(L/F, S, r) and proves it for all such multiquadratic extensions.
The restriction #S > r + 1 ensures that the Dedekind zeta function vanishes to order
r+ 1 at s = 0. The goal of our research is to prove the conjecture provided #S = r+ 1.
In Chapter 2, we discuss the algebraic and analytic objects that are used to formulate
the conjectures and discuss the history of the conjectures. In Chapter 3 we explicitly
write out the evaluator element L/F,S where L/F is multiquadratic for the special case
#S = r+1. We prove a lemma (3.2.1) that enables us to write L/F,S in a more compact
form. We are then able to prove (Corollary 3.3.4) Popescu’s conjecture under the same
class group restrictions prescribed by Sands provided #S = r + 1. We prove conjecture
C ′(L/F, S, r) when #S = r + 1 provided the class number hF,S is divisible by a suffi-
ciently large power of 2 (Corollary 3.1.10). We prove a lemma (3.3.5) that establishes a
lower bound for the power of 2 dividing hF,S and a lemma (3.4.1) which gives a sufficient
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condition to relax the power of 2 required to divide hF,S by one.
In Chapter 4 we present three infinite families of settings (L/F, S, r) in which the
results of Chapter 3 allow us to prove the full conjecture. In each family there is a
maximal extension L/F where we are unable to prove the full conjecture. In Theorems
4.1.2 and 4.1.3 we are able to prove the weaker conjecture C ′(L/F, S, r) for the maximal
quadratic extension in the corresponding families. In Theorem 4.1.1 we state a sufficient
condition to prove the weak conjecture for the maximal extension and develop a routine
to computationally verify when this condition is satisfied.
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Chapter 2
The Elements of Popescu’s
Conjecture
2.1 Algebraic Number Fields
Let Z denote the ring of all integers . . . − 3,−2,−1, 0, 1, 2, 3, . . .. Let Q denote the
field of all rational numbers, that is the set of all reasonable (i.e. those without zero in
the denominator) quotients of integers in their lowest terms. The rational numbers are
an example of an algebraic number field.
Definition 2.1.1. An algebraic number field is a field that contains Q and is finite
dimensional when considered as a vector space over Q.
For the duration of this dissertation, all fields discussed will be algebraic number
fields. Typically one obtains an algebraic number field by “tossing in” something new
into Q. For instance we may define the field F to be the smallest number field that
contains the real number
√
165. Then F = Q(
√
165) has dimension two as a vector
space over Q. The elements 1 and
√
165 yield a Q-basis for F . The dimension of a
number field over Q is called the degree of a number field.
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A number field F may be viewed as a subfield of C and one may consider the
various embeddings of F inside C. The field F = Q(
√
165), for example permits two
distinct embeddings. The first, 1F is the identity map. The second, τ can be defined
by specifying that each rational number is mapped to itself while τ :
√
165 7−→ −√165.
Both embeddings actually embed F in the set of real numbers R. Such embeddings are
called real embeddings while all others are called complex. If r1 is the number of real
embeddings of a number field F , r2 is the number of complex embeddings, and n is the
degree of F then one has the equality n = r1 + 2r2 [13, page 30].
The ring of integers OF of a number field F is made up of all elements α ∈ F that
satisfy a polynomial equation of the form a0 + a1x+ · · ·+ an−1xn−1 + xn = 0 where each
coefficient ai ∈ Z. The integers Z form the ring of integers of Q. This is why Z is often
referred to as the set of rational integers. If F = Q(
√
165) then its ring of integers is
OF = Z
[
1+
√
165
2
]
. The elements 1 and 1+
√
165
2
give a Z-basis for OF and a Q-basis for F .
A basis with these two properties is called an integral basis for OF . An integral basis is
used to compute the discriminant dF of a number field.
One wishes to recreate the notion of the prime numbers of Z within the ring of
integers of an arbitrary number field. Unlike the rational integers, algebraic integers do
not necessarily factor uniquely as a product of prime elements. For example in the ring
of integers of K = Q(
√−5) the integer 6 factors as both 2 · 3 and (1 +√−5)(1−√−5).
These four factors of 6 are all irreducible and hence prime elements of the ring OK . One
of the most comforting features of the integers Z has been lost when passing to the more
general integers of an arbitrary number field.
We are able to reclaim the concept of unique factorization by focusing on the ideals
of a general ring of integers. Indeed an ideal a ⊂ OK may be factored uniquely as a
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product of prime ideals [13, Theorem I.3.3]
a =
n∏
i=1
peii .
A prime of a number field K may be a (non-zero) prime ideal p of the ring of integers
OK . Such primes are referred to as the finite or non-archimedean primes of K. The
infinite primes of K are related to the aforementioned embeddings of K into C.
2.2 Prime Ideals and Galois Extensions
If F and K are algebraic number fields with F ⊂ K we refer to K as an extension of
F . The degree of the extension K/F , written [K : F ], is the dimension of K considered as
a vector space over F . One may consider the group of automorphisms of K that leave F
fixed and denote it Aut(K/F ). In general one has the inequality # Aut(K/F ) ≤ [K : F ].
When this is an equality, one says that the extension is Galois and calls the group of
automorphisms fixing F the Galois group of K/F . We will be primarily concerned with
the situation where Gal(K/F ) is an abelian group. In this case we often refer to the
extension K/F as abelian.
If p is a prime ideal of the ring OF , it is natural to consider the way that p factors
when considered as an ideal of OK . In the case of a Galois extension one has the
factorization [13, page 55]
pOK = Pe1Pe2 · · ·Peg. (2.1)
Here each Pi is a prime ideal of OK that lies above p. We often say that the ideal Pi
divides p and write Pi|p. The natural number e is referred to as the ramification index
of Pi over p. The prime p is said to ramify in the extension K/F if the power e is larger
than one. Otherwise one says that p is unramified.
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The ring of integers of a number field is a Noetherian, integrally closed domain of
Krull dimension one (i.e. a Dedekind Domain). It follows that its nonzero prime ideals
are all maximal and can be shown to be of finite index. This implies that the quotients
OK/Pi and OF/p are isomorphic to finite fields Fq and Fqf respectively for some prime
power q. The degree of the field extension
[(OK/Pi) : (OF/p)] = f(Pi/p) is called the
inertia degree of Pi over p. Let f(Pi/p) = fi In the case of a Galois extension one may
prove that f1 = f2 = · · · = fg. One may also show that for any prime ideal p of OF , the
factorization (2.1) satisfies the fundamental equation n = [K : F ] = efg. When n = g
one says that the prime p splits completely in the extension K/F .
An infinite prime v of F is either a real embedding of F or a conjugate pair of
complex embeddings of F . Suppose w is an infinite prime of K. Let iv and iw denote
embeddings corresponding to v and w. One says that w lies above or divides v provided
the restriction of iw to F and iv coincide. The infinite prime v is said to ramify in K/F
if and only if it is a real prime and it has a complex prime lying above it in K.
For each prime P, finite or infinite, of the field K, one obtains a normalized absolute
value |α|P on K. If P is a real infinite prime then this is the usual absolute value of
the image of α under the corresponding embedding into R. If P is complex it is the
square of the usual complex absolute value of the image. If P is a finite prime then
N (P) = |OK/P| is the absolute norm of P. One takes
|α|P = N (P)−ordP(α). (2.2)
Here ordP(α) is the power of P appearing in the factorization of the principal ideal
(α)OK .
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2.3 Units, Class Groups and S-modification
Let UF denote the units of the ring of integers OF . This is the set of all integers that
possess a multiplicative inverse in OF . Let µF denote the group of roots of unity inside
F . The structure of UF as a multiplicative Z-module is given by the following theorem
of Dirichlet [13, Theorem I.7.4].
Theorem 2.3.1. (Dirichlet’s Unit Theorem) As a Z-module, UF is isomorphic to Zr1+r2−1×
µF .
Suppose S = {p1, p2, . . . , pt} is a set of primes of F . We will always insist that S
contains all infinite primes of F . Later we will also want S to contain all primes that
ramify in the extension K/F and a certain number of splitting primes. Let Sfin ⊂ S
denote the set of all non-archimedean primes in S. We define the S-integers of F as
follows.
OF,S = {x ∈ F | ordp(x) ≥ 0 for all p /∈ Sfin} (2.3)
Let SK be the set of all primes of K lying above those in S. The S-integers of K are
given by the set
OK,S = {x ∈ K | ordP(x) ≥ 0 for all P /∈ (SK)fin}. (2.4)
If the set S contains only the infinite primes, one reclaims the usual rings of integers of
F and K. Adding finite primes to S has the effect of expanding the ring of integers by
allowing elements having negative valuation at those finite places. One may consider the
units of these new rings. We define the S-units of F , UF,S, to be the set of all invertible
elements of OF,S. Likewise the S-units of K are UK,S = O×K,S. Dirichlet’s Unit Theorem
may be extended to inform us as to the Z-module structure of S-units [13, Corollary
I.11.7].
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Theorem 2.3.2. (Dirichlet) As a Z-module one has the isomorphism
UF,S ∼= Z|S|−1 × µF .
A fractional ideal of a number field F is a (non-zero) finitely generated OF -
submodule of F . For example any element α ∈ F generates a principal fractional ideal
(α). The set of all fractional ideals IF forms an abelian group under multiplication. We
let PF denote the subroup of IK consisting of all principal fractional ideals. The quotient
group
ClF = IK/PK
is called the ideal class group of F . It is a finite abelian group that is the subject of a
great deal of research. Its order is denoted by |ClF | = hF and is called the class number
of F . When hF = 1, one knows that every fractional ideal and hence every ideal of the
ring OF is principal. That is, the ring OF is a principal ideal domain. As a principal
ideal domain is a unique factorization domain, one sees that hF = 1 implies that the
elements of OF factor uniquely into product of irreducible elements.
It is known that every ideal class [a] ∈ ClF may be represented by a prime ideal of
OF . We may define the S-modified class group as follows
Definition 2.3.3.
ClF,S = ClF/〈[p]|p ∈ Sfin〉. (2.5)
We set hF,S = |ClF,S| and refer to this as the S-class number of F .
2.4 Zeta-Functions
Stark’s conjectures and their generalizations are concerned with certain complex
valued functions called L-functions. The first example of an L-function is the Riemann
9
zeta function
ζ(s) =
∞∑
n=1
1
ns
, < (s) > 1. (2.6)
One proves that the above sum defines an analytic function on the right half plane on
which it is defined. One may prove that ζ(s) also has the Euler product expansion on
this domain
ζ(s) =
∏
p prime
1
1− p−s . (2.7)
The function ζ(s) admits a meromorphic continuation to the complex plane, has its only
pole at s = 1, and satisfies the following functional equation
ζ(1− s) = 2(2pi)−sΓ(s) cos
(pis
2
)
ζ(s) (2.8)
relating its value at s to its value at 1− s. Here the term Γ(s) is the well known gamma
function.
Let K be an algebraic number field. The Riemann zeta function is the zeta function
associated to the field K = Q. The Dedekind zeta function of K, ζK(s) is first defined
by the sum
ζK(s) =
∑
a⊂OK
1
N (a)s , < (s) > 1. (2.9)
Here the sum is taken over all integral ideals of OK . This provides a generalization of
the Riemann zeta function and also satisfies the product expansion
ζK(s) =
∏
p⊂OK
p prime
1
1−N (p)−s . (2.10)
Here the product is taken over all prime ideals of OK . One shows that the Dedekind
zeta function of a number field K admits a meromorphic continuation to C and satisfies
a functional equation relating ζK(s) to ζK(1 − s). It has a single simple pole at s = 1
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with residue
2r1(2pi)r2hKRK
wK |dK |1/2 . (2.11)
Here wK is the number of roots of unity in K and RK is the regulator of K (the absolute
value of the determinant of a matrix involving logarithms of absolute values of funda-
mental units of K). The invariant dK is the discriminant of K. The residue of ζK(s)
at s = 1 encodes a great deal of information about the associated number field. This
formula for the residue is called the analytic class number formula.
The functional equation enables us to translate the analytic class number formula
to focus instead on the behavior of ζK(s) about s = 0. One finds that ζK(s) has a zero
of order r = r1 + r2 − 1 at s = 0 and
lim
s→0
s−rζK(s) = −hKRK
wK
. (2.12)
This formula encodes the same information and is simpler. Stark preferred working with
L-functions at s = 0 and we follow him here.
If S is a set of primes of K containing all of the infinite primes, one may define the S-
incomplete Dedekind zeta function by simply removing the Euler factors corresponding
to the primes in Sfin. One obtains the new zeta function ζK,S(s) which satisfies its own
version of the analytic class number formula
lim
s→0
s1−|S|ζK,S(s) = −hK,SRK,S
wK
. (2.13)
which provides information regarding the S-class number of K.
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2.5 L-Functions
All of the zeta functions we have seen involved sums of infinitely many ratios whose
numerators were all one. The first examples of L-functions that deviate from this pattern
are Dirichlet L -Functions. Let m ≥ 1 be an integer. Let χ be a Dirichlet character
modulo m. That is χ is a group homomorphism χ : (Z/mZ)∗ −→ S1 ⊂ C. If m|n then
χ also defines a Dirichlet character modulo n via the composition
(Z/nZ)∗ −→ (Z/mZ)∗ χ−→ S1
where the first arrow is the natural map taking a (mod n) to a (mod m). We will choose
m to be minimal. That is we will suppose that all of our characters are primitive and
call m = fχ = f the conductor of χ. It will be convenient for us to extend our characters
to all of Z by letting χ(k) = χ(k (mod f)) if (f, k) = 1 and zero otherwise.
We define the Dirichlet L-function for the character χ with conductor f by
L(s, χ) =
∞∑
n=1
χ(n)
ns
=
∏
p prime
1
1− χ(p)p−s , <(s) > 1. (2.14)
It can be extended to an analytic function (when χ 6= 1) on C which satisfies a functional
equation relating L(s, χ) to L(1 − s, χ¯). Let δ = 0 if χ(−1) = 1 and δ = 1 otherwise.
The functional equation may be written
Γ(s) cos
(pi(s− δ)
2
)
L(s, χ) =
τ(χ)
2iδ
(2pi
f
)s
L(1− s, χ¯). (2.15)
Here τ(χ) =
∑f
a=1 χ(a)e
2pia/f is a Gauss sum.
It will be profitable for us in the future to recast the Dirichlet character χ in a more
Galois-theoretic setting. Let ζf ∈ C be a primitive f -th root of unity. Let p be a prime
number that is relatively prime to f . The group (Z/fZ)∗ is isomorphic to the Galois
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group G of the extension Q(ζf )/Q via the correspondence
p (mod f) 7−→ φp.
The automorphism φp ∈ G is defined by φp(ζ) = ζp for each root of unity ζ ∈ Q(ζf ).
The map is defined on all of (Z/fZ)∗ by extending multiplicatively. As such we may
consider the Dirichlet character χ a character of the Galois group G. This leads us to
the setting of Artin’s L-functions. Dirichlet L-functions are special cases of these.
SupposeK/F is a Galois extension of number fields with Galois groupG = Gal(K/F ).
Let V be a finite dimensional vector space over C. Let ρ be a representation of G on V .
That is, ρ is a homomorphism
ρ : G −→ GL(V ).
Denote by χ the character associated to ρ. That is, χ(s) = Tr(ρ(s)). Let p be a prime
ideal of OF and P a prime of OK lying above p. We associate two subgroups of the
Galois group to the prime P.
Definition 2.5.1. The decomposition group associated to the prime P is
GP = {s ∈ G | s · x ∈ P ∀x ∈ P}.
The inertia group associated to P is
IP = {s ∈ G | s · x ≡ x (mod P) ∀x ∈ OK}.
Two elements x, α ∈ OK satisfy the congruence x ≡ α (mod P) when x − α ∈ P.
There is a canonical isomorphism
GP/IP
∼−→ Gal
((OK/P)/(OF/p))
13
from the quotient onto the Galois group of the residue class field extensions. As the
latter group is the Galois group of a finite extension of finite fields, the quotient is
necessarily cyclic. Let σP denote the generator of the quotient GP/IP whose image in
Gal
((OK/P)/(OF/p)) is the q-th power map where q = N (p). Each element of the
coset σPIP is called a Frobenius automorphism associated to P.
Suppose that p is unramified in K/F . Then IP is trivial and we may associate to
P|p a unique Frobenius automorphism. The conjugacy class of σP in G does not depend
on the choice of the prime P|p [11, III.2.1]. We extend this to an arbitrary fractional
ideal a ∈ IK . If a = P1P2···PlPl+1Pl+2···Pl+m where each Pi is a prime ideal of OK we assign to a
a “Frobenius” element σa = σP1σP2 · · ·σPlσ−1Pl+1σ−1Pl+2 · · ·σ−1Pl+m .
Let S be a finite set of primes of F containing all infinite primes and all finite primes
that ramify in K/F . Let ISK be the group of all fractional ideals of K prime to the finite
primes in S. The map
Frob : ISK −→ G
a 7−→ σa
assigns to each fractional ideal of K that is prime to S an element of the Galois group.
It is known as the Artin map.
Assume that our extension K/F is abelian and the prime ideal p of OF is unramified
in K/F . The Frobenius element associated to the ideal P|p depends simply on the ideal
p lying below it.
Definition 2.5.2. For each χ ∈ Gˆ we may define the S-imprimitive Artin L-function
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as
LK/F,S(s, χ) =
∑
a⊂OF
(a,S)=1
χ(σa)
(Na)s =
∏
p⊂OF
p/∈S
(
1− χ(σp)(Np)−s
)−1
. (2.16)
The Artin L-function associated to a non-abelian extension K/F is more difficult
to define. In the sequel all of our Galois extensions will be abelian. The interested
reader should see Neukirch [13, VII.10.1] for the general definition. The Artin L-series
defines an analytic function on the half plane <(s) > 1. One proves that it has an
analytic continuation to C \{1} and satisfies a functional equation relating its value at
s to its value at s− 1. These L-functions also exhibit the following functorial properties
[13, Proposition VII.10.4]. Let M denote a field intermediate to K and F , and L a
field containing the other three that is Galois over F . That is we have the chain of
containments F ⊂M ⊂ K ⊂ L.
Proposition 2.5.3. (i) For the principal character χ = 1, one has
LK/F,S(s,1) = ζF,S(s).
(ii) If χ, χ′ ∈ Ĝ, then
LK/F,S(s, χ+ χ
′) = LK/F,S(s, χ)LK/F,S(s, χ′).
(iii) If χ ∈ Ĝ one may view χ as a character on the larger Galois group Gal(L/F ) by
composition with the quotient map. One then has
LL/F,S(s, χ) = LK/F,S(s, χ).
(iv) If χ is a character of the group Gal(K/M) and SM denotes the primes of M that
15
divide the primes in S then one has
LK/M,SM (s, χ) = LK/F,S(s, χ∗).
Here χ∗ denotes the character on G induced from χ. When one forms the induced
character 1* from the trivial character 1 of the trivial subgroup {1} < Gal(K/F ) = G
one obtains the character associated to the left regular representation of G. This character
rG decomposes as the sum
rG =
∑
χ
χ
taken over all irreducible characters of G. Combining this with parts (i), (ii), and (iv)
of the proposition give us the following result.
Corollary 2.5.4. One has
ζK,S(s) = ζF,S(s)
∏
χ 6=1
LK/F,S(s, χ). (2.17)
This corollary states that one can factor the Dedekind zeta function of a number field
as a product of Artin L-functions.
2.6 Stark’s Refined Abelian Conjecture
In a series of four papers written in the 1970’s and 1980’s Harold Stark set forth
his conjectures. In their most basic form Stark’s conjectures propose an “analytic class
number formula” for Artin L-functions. A vague form of his general conjecture is stated
in the second paper in the series [21].
Conjecture 2.6.1 ((A(K/F )). Suppose K/F is a Galois extension of number fields, χ
is a character of Gal(K/F ) not containing a copy of the trivial character, and a is the
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order of vanishing of LK/F (s, χ) at s = 0. Then one has
lim
s→0
s−aLK/F (s, χ) = θ(χ)R(χ)
where θ(χ) is an algebraic number and R(χ) is the determinant of an a by a matrix whose
entries are linear forms (with algebraic coefficients) in logarithms of absolute values of
units belonging to K and its conjugate fields.
Combining this conjecture with the factorization of the Dedekind zeta function
(Corollary 2.5.4) yields the conjectural factorization of the analytic class number formula
−hKRK
wK
=
∏
χ
θ(χ)R(χ). (2.18)
Stark proved this conjecture for all rational characters. In the fourth paper in the series
[22], Stark unveiled a refined abelian conjecture for order of vanishing a = 1. In this
case the algebraic factor θ(χ) is conjectured to be a rational number whose denominator
would be bounded. Let S be a set of primes of the base field F that contains all ramified
and infinite primes. For simplicity we will assume that |S| ≥ 3.
Conjecture 2.6.2 (St(K/F, S)). Suppose that S contains a prime v that splits com-
pletely in the extension K/F . Fix a prime w of K above v. Then there exists a unique
element  ∈ UK,S satisfying:
(1) for each χ ∈ Ĝ,
L′K/F,S(0, χ) = −
1
wK
∑
σ∈G
χ(σ) log |σ|w
and
(2) the extension
K
(
1/wK
)
/F
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is abelian.
The conjecture has an alternate formulation in the case where S contains only
two primes. In this case it is known to be true unconditionally [23, Proposition 3.10].
When the conjecture is known, it predicts that a single S-unit, known as a Stark unit,
simultaneously evaluates the first derivatives at s = 0 of all Artin L-functions associated
to K/F . Stark was able to prove his conjecture in the case where F = Q or F is an
imaginary quadratic field.
Higher order refined abelian conjectures will unfortunately not predict the existence
of a single Stark unit. Instead the r-th order conjectures of Rubin [18] and Popescu [16]
predict that the r-th derivatives at s = 0 of the L functions may be evaluated upon
applying a special regulator map to an element of the r-th exterior power of the S-unit
group (tensored with Q).
2.7 Exterior Products
Let R be a commutative ring with unity and M and N be (left) R-modules. A map
φ : Mn −→ N is said to be an n-multilinear map if it is linear in each of its components.
It is called alternating if φ (m1,m2, . . . ,mn) = 0 whenever mi = mj for some i 6= j.
When M = Rn, an alternating n-multilinear map D : Mn −→ R is a constant multiple
of the determinant of the matrix with columns given by the n-tuple (r1, r2, . . . , rn) [5,
page 437]. Due to the nature of the determinant map, one wishes to define a mod-
ule through which multilinear alternating maps factor. The nth exterior product
∧n
RM
can be defined as the R-module through which each n-multilinear map factors uniquely.
When the ring R is clear we will often omit the subscript to avoid clutter. The module∧nM is isomorphic to the quotient of M ⊗M ⊗ · · · ⊗M︸ ︷︷ ︸
n−times
by the submodule generated
by all elements of the form m1 ⊗m2 ⊗ · · · ⊗mn satisfying mi = mj for some i 6= j.
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If M ∼= Rn then ∧nM is a free R module of rank 1 [8, A.2.3(d)]. Any R-module
homomorphism φ : M −→ N induces a homomorphism ∧n (φ) : ∧nM −→ ∧nN in the
obvious fashion. A special case of this is when M = N is a free R-module of rank n. In
this case if m1,m2, . . . ,mn gives a basis for M over R then m1 ∧m2 ∧ · · · ∧mn spans the
1-dimensional free R-module
∧nM . Given any R-module homomorphism φ : M −→M
one obtains an endomorphism
∧n (φ) : ∧nM −→ ∧nM which necessarily takes the
basis element v1 ∧ v2 ∧ · · · ∧ vn to a constant D (φ) ∈ R times itself. This constant is the
determinant of the linear mapping φ. One sees that upon passage to the n-th exterior
product of a free R-module of rank n, a homomorphism φ ∈ HomR(M,M) is taken to
the (1-dimensional) linear map D (φ) :
∧nM −→ ∧nM . This explains why ∧nM is
often referred to as the “determinant space” of M in the literature.
Let us now suppose that G is an abelian group and that M has the structure of
a Z[G]-module. What follows is found in the paper of Rubin [18]. Let HomZ[G] (M,Z[G])
denote the set of all Z[G]-module homomorphisms fromM into Z[G]. Let φ ∈ Hom (M,Z[G])
and let r be a natural number. The map φ induces a Z[G]-module homomorphism from∧r
Z[G] M to
∧r−1
Z[G] M by taking
m1 ∧ · · · ∧mr 7−→
r∑
i=1
(−1)i+1 φ (mi)m1 ∧ · · · ∧mi−1 ∧mi+1 · · · ∧mr
and extending by linearity. We abusively refer to the resulting homomorphism as φ. If
we repeat this process k times for 1 ≤ k ≤ r and φ1, . . . φk ∈ Hom (M,Z[G]) we obtain
a map
k∧
Z[G]
Hom (M,Z[G]) −→ Hom
 r∧
Z[G]
M,
r−k∧
Z[G]
M

φ1 ∧ · · · ∧ φr 7−→ φk ◦ · · · ◦ φ1.
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When k = r one obtains a determinant
(φ1 ∧ · · · ∧ φr) (m1 ∧ · · · ∧mr) = det (φi (mj)) .
In his dissertation [10, Lemma 5.3] Hayward provided a rigorous proof of the following
result.
Lemma 2.7.1. If Φ = φ1 ∧ · · · ∧ φk and m = m1 ∧ · · · ∧mr then
Φ (m) =
∑
σ∈Sr
σ(k+1)<···<σ(r)
sign (σ)
(
k∏
j=1
φj
(
mσ(j)
))
mσ(k+1) ∧ · · · ∧mσ(r).
We will be most concerned with the case when k = r − 1. In this case the lemma
gives
φ1 ∧ · · · ∧ φr−1(m1 ∧ · · · ∧mr) =
∑
1≤k≤r
(−1)k+1 det
j 6=k
(φi(mj)) ·mk.
2.8 Extension of Stark’s Refined Abelian
Conjecture
Stark’s refined abelian conjecture St(K/F, S) is trivially satisfied when all L-functions
associated to the extension K/F and the set S vanish to order r larger than 1 at s = 0.
One may take  = 1 and see that the two conditions are satisfied. This compelled Rubin
to formulate a refined “Stark type” conjecture over Z in his 1994 paper [18]. This conjec-
ture, B(K/F, S, T, r), is an integral refinement of Conjecture 2.6.1 for extensions where
LK/F,S(s, χ) vanishes to order r at s = 0 for all χ ∈ Ĝ. It predicts that an element 
inside Q⊗Z
∧r
Z[G] US,K simultaneously evaluates all r-th derivatives of L-functions upon
applying a special regulator function to it. The conjecture also predicts that the element
 satisfies certain integrality properties. That is to say there is an explicit bound for the
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denominators associated with .
Rubin’s conjecture uses an auxiliary “smoothing” set of primes T , introduced by
Gross [9], of the base field, satisfying T ∩ S = ∅, that modifies the class group, unit
group, and L-functions associated to the extension. The associated (S, T )-modified L-
functions are defined by the equation
LK/F,S,T (s, χ) =
(∏
v∈T
(1− χ(σv) · (Nv)1−s)
)
LK/F,S(s, χ). (2.19)
The factors clearly don’t affect the functions’ behavior at s = 0 with the exception of
multiplying by a constant. The (S, T )-modified units of K are given by the set
UK,S,T = {u ∈ UK,S | u ≡ 1 (mod w),∀w ∈ TK}. (2.20)
The (S, T )-modified class group is given by
AK,S,T =
{fractional ideals of OK,S coprime to TK}
{αOK,S | α ≡ 1 (mod w),∀w ∈ TK} . (2.21)
The set T is chosen so that µK,S,T , the torsion group of UK,S,T , is trivial. This choice
removes the denominator from the right hand side of the analytic class formula
ζK,S,T (s) ≡ −hK,S,TRK,S,T sr (mod sr+1). (2.22)
When Rubin’s conjecture is restricted to the situation where r = 1 one obtains Stark’s
refined abelian conjecture. The abelian condition is realized by allowing the auxiliary
set of primes T to vary over all possible choices [17, Lemma 2.2.3].
Rubin proved conjecture B(K/F, S, T, r) in the special cases where the set S contains
more than r primes that split completely in the extension K/F and where K = F . The
case r = 0 is known trivially if F is complex and by a theorem of Deligne and Ribet in
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the case that F is real. Rubin also proves the conjecture in full when K/F is a quadratic
extension. Rubin’s conjecture is known to be true in the case of a function field (i.e.
char(F ) = p > 0) for the case r = 1 by work of Deligne and Hayes [17]. Popescu has
made great strides in proving conjecture B(K/F, S, T, r) in the function field setting for
arbitrary order of vanishing r [17]. In characteristic 0, Conjecture B(K/F, S, T, 1) is
known when either F = Q or a quadratic imaginary field by the work of Stark. Sands,
Dummit, and Tangedal have proved B(K/F, S, T, 1) for almost all multiquadratic exten-
sion K/F [6].
Popescu introduced a weaker refined abelian conjecture in 2002 [16] that could be
stated using one set of primes S and satisfied a base-change property that can not cur-
rently be shown for conjecture B(K/F, S, T, r). Popescu’s conjecture C(K/F, S, r) has
been shown to follow from conjecture B(K/F, S, T, r) [16]. Sands proved conjecture
C(K/k, S, r) for multiquadratic extensions with restrictions on the set S and the exten-
sion K/F [20]. In the sequel we aim to extend these results and identify new settings
where Popescu’s conjecture is known to hold.
Recently Burns and his collaborators have formulated a vast generalization of the
refined abelian conjectures. The Equivariant Tamagawa Number Conjecture (ETNC)
applies to non-abelian L-functions. Burns has proven [2, Corollary 4.1] that when known
to be true, ETNC implies the truth of Rubin’s conjecture and therefore Popescu’s conjec-
ture as well. This allows one to establish conjectures B(K/F, S, T, r) and C(K/F, S, r)
for a wide class of extensions in which they were previously unknown. These results
require a somewhat restrictive choice of set S and we work to establish the conjectures
without using ETNC.
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Chapter 3
A Conjecture of Popescu
3.1 Statement of the Conjectures
Let K/F be an abelian extension of number fields with Galois group G and let r be
a nonnegative integer. Let S be a finite set of places of F . We will assume from now on
that the data (K/F, S, r) satisfy the following set of hypotheses.
Hypotheses 3.1.1 (Hr). 1. S contains all places that ramify in K/F and all infinite
places of F .
2. #S ≥ r + 1
3. S contains at least r places that split completely in K/F .
Popescu’s conjecture is concerned with the first nonvanishing coefficient in the power
series expansion at s = 0 of the S-imprimitive Artin L-functions (Definition 2.5.2) as-
sociated to characters χ ∈ Ĝ. By Tate [23, I.3.4], the function LK/F,S(s, χ) vanishes to
degree rχ,S, where
rχ,S =
 #S − 1, if χ = 1;#{v ∈ S : χ(Gw) = {1} for all w | v}, otherwise. (3.1)
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Here Gw is the decomposition group (Definition 2.5.1) for the place w of K. Formula
3.1 shows that if the extension K/F and set S satisfy Hypotheses Hr, then LK/F,S(s, χ)
vanishes to order at least r.
Definition 3.1.2. The Stickelberger function is the map ΘK/F,S : C −→ C[G] defined
by
ΘK/F,S(s) =
∑
χ∈Ĝ
LK/F,S(s, χ) · eχ¯
where eχ =
1
#G
∑
σ∈G χ(σ)σ
−1 ∈ C[G] is the idempotent corresponding to χ.
Definition 3.1.3. The Stickelberger element for the data (K/F, S, r) is
Θ
(r)
K/F,S(0) = lims→0
ΘK/F,S(s)
sr
∈ C[G].
The set S contains r places that split completely in K/F so that lims→0 s−rLK/F,S(s, χ) 6=
∞ for each χ ∈ Ĝ. Therefore Θ(r)K/F,S(0) is an element in the group ring C[G].
Let V = (v1, v2, . . . , vr) be an r-tuple of places of S that split completely in K/F .
Let W = (w1, w2, . . . , wr) be an r-tuple of places of SK such that wi | vi for each i.
Definition 3.1.4. The W -regulator map RW :
∧r
Z[G] UK,S −→ C[G] is given by
RW : (u1 ∧ u2 ∧ · · · ∧ ur) 7−→ det
1≤i,j≤r
(−∑
σ∈G
log |uj|wσi · σ
)
for any u1, u2, . . . , ur ∈ UK,S.
Upon extending by C-linearity to all of C⊗Z
∧r UK,S, one obtains a C[G]-module homo-
morphism that we will also call RW .
From now on, when k is a field and M is a Z[G]-module we will write the tensor
k ⊗Z M as kM . Let R ⊆ C be a ring and suppose M is a R[G]-module. Define the
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R[G]-submodule
Mr,S = {m ∈M | eχm = 0 ∈ C⊗RM for all χ ∈ Gˆ such that rχ,S > r}. (3.2)
For any m ∈M , let m˜ denote the image of m in QM under the natural map M → QM
and let M˜ denote the image of M under this map.
Definition 3.1.5. Let
UabK/F,S = {u ∈ UK,S|K(u1/wK )/F is abelian}.
Theorem 3.1.6. The restriction of RW to the submodule (C
∧r UK,S)r,S gives a C[G]-
module isomorphism between (C
∧r UK,S)r,S and C[G]r,S.
Proof. We refer the reader to Remark 1 of Popescu’s paper [16].
We have defined the Stickelberger element Θ
(r)
K/F,S(0) ∈ C[G]r,S. If for some character
ψ ∈ Ĝ we apply ψ to Θ(r)K/F,S(0) we obtain
ψ
(
Θ
(r)
K/F,S(0)
)
= ψ
lim
s→0
s−r
∑
χ∈Ĝ
LK/F,S(s, χ) · eχ¯
 = lim
s→0
s−r
∑
χ∈Ĝ
LK/F,S(s, χ) · ψ (eχ¯)
= lim
s→0
s−rLK/F,S(s, ψ¯) ∈ C.
The complex number ψ
(
Θ
(r)
K/F,S(0)
)
will be zero whenever rψ¯,S > r. By Theorem 3.1.6,
the mapping RW takes exactly one element of (C
∧r UK,S)r,S to Θ(r)K/F,S(0). Let K/F,S,W ∈
(C
∧r UK,S)r,S be the preimage under RW of Θ(r)K/F,S(0). To summarize, we have for all
χ ∈ Ĝ that
χ
(
RW
(
K/F,S,W
))
= χ
(
Θ
(r)
K/F,S(0)
)
= lim
s→0
s−rLK/F,S(0, χ¯).
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Applying RW to the element K/F,S,W evaluates the r-th coefficient of the power series at
s = 0 for all of the S-incomplete Artin L-Functions simultaneously. Popescu’s Conjecture
predicts that this element K/F,S,W lies in a certain submodule of (C
∧r UK,S)r,S.
Let U∗K,S=HomZ[G](UK,S,Z[G]) denote the dual Z[G]-module of UK,S. For each (r−
1)-tuple (φ1, φ2, . . . , φr−1) ∈
(
U∗K,S
)r−1
one obtains a Z[G]-module homomorphism
φ1 ∧ · · · ∧ φr−1 : C
∧r
UK,S −→ C
∧1
UK,S = CUK,S.
given explicitly given by Lemma 2.7.1 as
(φ1 ∧ · · · ∧ φr−1)(u1 ∧ · · · ∧ ur) =
∑
1≤k≤r
(−1)k+1 det
j 6=k
(φi(uj)) · uk. (3.3)
We use these maps to define two subsets of C
∧r UK,S.
Definition 3.1.7 (Popescu’s Lattice).
∧r
0
UK,S ={ ∈ (Q
∧r
UK,S)r,S :
(φ1 ∧ · · · ∧ φr−1)() ∈ 1
wK
U˜abK/F,S,∀φ1, . . . , φr−1 ∈ U∗K,S}.
Definition 3.1.8 (Sands’ Lattice).
∧r
1
UK,S ={ ∈ (Q
∧r
UK,S)r,S|
(φ1 ∧ · · · ∧ φr−1)() ∈ 1
wK
U˜K,S,∀φ1, . . . , φr−1 ∈ U∗K,S}.
Let us now state the conjectures that are the focus of our study.
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Conjecture 3.1.9 (Popescu C(K/F, S, r)). Suppose the extension K/F , the set S, and
the positive integer r satisfy hypotheses Hr. Then K/F,S,W ∈
∧r
0 UK,S.
Conjecture 3.1.10 (C ′(K/F, S, r)). Under the same assumptions as above one has
K/F,S,W ∈
∧r
1 UK,S.
Conjecture C ′(K/F, S, r) may be thought of as Popescu’s conjecture without the
abelian condition. Conjecture C(K/F, S, r) implies conjecture C ′(K/F, S, r). The eval-
uator K/F,S,W in the conjectures depends on the choice of the r-tuple W . It turns out
that this dependence is not problematic and if conjecture C(K/F, S, r) holds for one
choice of W then it holds for all others [17, Remark 2]. In the case where r = 1, we have
simply
∧r
0 UL,S =
1
wK
(
U˜abK/F,S
)
1,S
. It follows that conjecture C(K/F, S, 1) is equivalent
to Stark’s own refined abelian conjecture. Popescu’s conjecture is a true extension of
Stark’s conjecture.
In order to investigate these conjectures we will need more information as to the
structure of the sets
∧r
0 UK,S and
∧r
1 UK,S.
Theorem 3.1.11.
∧r
0 UK,S and
∧r
1 UK,S are Z[G]-modules.
Proof. Let 1, 2 ∈
∧r
1 UK,S. Let φ1, φ2, . . . , φr−1 ∈ U∗K,S. Let φ = φ1 ∧ φ2 ∧ · · · ∧ φr−1
as defined in formula 3.3. We need to show that φ(1 + 2) ∈ 1wK U˜K,S. The map φ is a
Z[G]-module homomorphism so in QUK,S one has
φ(1 + 2) = φ(1)φ(2) = u˜v˜. (3.4)
Since u˜, v˜ ∈ 1
wK
U˜K,S they are the images in QUK,S of wK-th roots of S-units, say u and v.
As the product of u and v is again a wK-th root of an S-unit, we have φ(1+2) ∈ 1wK U˜K,S.
Let σ ∈ G and  ∈ ∧r1 UK,S. We need to show that σ ·  ∈ ∧r1 UK,S. Since φ is a
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Z[G]-module homomorphism one has
φ(σ · ) = σ · φ() (3.5)
The right-hand side of equation 3.5 is an element of 1
wK
U˜K/F,S since UK,S is itself a Z[G]-
module. It follows that
∧r
1 UK,S is a Z[G]-module.
Now let 1, 2 ∈
∧r
0 UK,S. We already have seen that φ(1) and φ(2) are the image in
QUK,S of wK-th roots u and v of S-units. We know that the extensions K(u) and K(v)
are abelian extensions of F . One has K(uv) ⊂ K(u)K(v). The compositum of abelian
extensions is abelian. It follows that K(uv)/F is an abelian extension. This shows that
φ(1 + 2) ∈ 1wK U˜abK/F,S.
Let  ∈ ∧r0 UK,S and σ ∈ G. Now we must show that σ ·  ∈ ∧r0 UK,S. We have
that φ() = u˜ is the image of the wK-th root u in QUK,S. We know that the extension
K(u)/F is Galois. Let σ˜ ∈ Gal(K(u)/F ) be a lift of σ. The extension K(uσ˜) is identical
to K(u) and is therefore Galois over F as well. It follows that σ ·  ∈ ∧r0 UK,S.
3.2 Evaluators for Relative Quadratic
and Multiquadratic Extensions
Let L/F be a multiquadratic extension of number fields. In other words, Gal(L/F ) ∼=
(Z/2Z)m for m ∈ Z>1. As such, L is the compositum of the 2m − 1 relative quadratic
subextensions Ki/F for 1 ≤ i ≤ 2m − 1. Suppose that (L/F, S, r) satisfy hypotheses
Hr. Let v1, v2, . . . , vr be the places that split completely in L. The vi necessarily split
completely in each relative quadratic subextension Ki/F . Finally, as the case #S >
r+ 1 has already been given extensive treatment in the literature [6][20], we restrict our
attention to the remaining case where |S| = r + 1.
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Let K = Ki denote a fixed relative quadratic subextension for which precisely r
places of S split in K/F . Let G = Gal(K/F ) = 〈τ〉. In the paper of Sands [20, pg. 5],
the author uses the method of Rubin [18, Theorem 3.5] to specify the evaluator K/F,S for
a relative quadratic extension when the set S contains at least r + 2 primes. We adjust
this method to specify the evaluator in our setting. By Theorem 2.3.2, UF,S/µF has rank
r as a Z-module. As #SK = 2r + 1, the rank of UK,S/µK is 2r. Let u1, u2, . . . , ur ∈ K
form a basis for UK,S/(UF,SµK) modulo its torsion subgroup. The chain of containments
U2F,S ⊂ U1+τK,S ⊂ UF,S shows that U1+τK,S is of finite index in UF,S. Choose u˜1, u˜2, . . . , u˜r ∈ K
such that u˜1+τ1 , u˜
1+τ
2 , . . . , u˜
1+τ
r form a basis for U
1+τ
K,S /µ
1+τ
K modulo its torsion subgroup.
Also let uˆ1, uˆ2, . . . , uˆr ∈ F form a Z-basis for UF,S/µF . We will need the following lemma.
Lemma 3.2.1. In Q
∧r UL,S one has
1[
UF,S : U
1+τ
K,S µF
] u˜1+τ1 ∧ · · · ∧ u˜1+τr = uˆ1 ∧ · · · ∧ uˆr.
Proof. Let w = wF . Let x
w
1 , x
w
2 , . . . , x
w
r generate a full rank submodule of the free Z-
module UwF,S. We may then write (writing the units additively) x
w
i = mi1uˆ
w
1 + · · ·+miruˆwr
for i = 1, 2, . . . , r to obtain a change of basis matrix with integer entries. The absolute
value of the determinant of this matrix is the index of 〈xw1 , . . . , xwr 〉 in 〈uˆw1 , . . . , uˆwr 〉 [3,
pg. 69]. The map given by M : UwF,S −→ UwF,S induces a Z-module endomorphism
on
∧r UwF,S which by is given by multiplication by the determinant of M [8, Corollary
A2.3(e)]. We therefore have
± (detM) uˆw1 ∧ · · · ∧ uˆwr = xw1 ∧ . . . xwr
where we may interchange two xi if necessary to ensure a + sign. This implies that
(detM) uˆ1 ∧ · · · ∧ uˆr = x1 ∧ · · · ∧ xr in Q
∧r UF,S. The proof is completed by observing
that
[〈uˆ1, . . . , uˆr〉 : 〈u˜1+τ1 , . . . , u˜1+τr 〉] = [UF,S : U1+τK,S µF ] .
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The evaluator for K/F is given by the sum
K/F =
hF,S
2rwF
[
UF,S : U
1+τ
K,S µF
] u˜1+τ1 ∧ u˜1+τ2 ∧ · · · ∧ u˜1+τr
+
hK,SwF
2rhF,SwKQ
u1−τ1 ∧ u1−τ2 ∧ · · · ∧ u1−τr
where Q is the order of the torsion subgroup of UK,S/UF,SµK . If all r + 1 primes of S
split in the relative quadratic extension K/F we take
K/F =
hF,S
2rwF
[
UF,S : U
1+τ
K,S µF
] u˜1+τ1 ∧ u˜1+τ2 ∧ · · · ∧ u˜1+τr . (3.6)
One may readily verify the evaluation property in both cases by first applying
the trivial character χ0 ∈ Ĝ to RK,S
(
K/F
)
. One obtains [18, Theorem 3.5]
χ0
(RK,S (K/F )) = hF,SRF,S
wF
= ζ
(r)
F,S (0) . (3.7)
Applying the nontrivial character χ ∈ Ĝ gives
χ
(RK,S (K/F )) = hK,SwFRK,S
hF,SwKRF,S
=
ζ
(r)
K,S (0)
ζ
(r)
F,S (0)
= L
(r)
S (0, χ) . (3.8)
It is easy to see that K/F ∈ (Q
∧r UK,S)r,S as there are no χ ∈ Ĝ for which rS (χ) > r.
Therefore K/F is the unique element of (C
∧r UK,S)r,S satisfying these properties.
Sands has shown [20, Proposition 4.5] that the evaluator L/F is obtained as follows.
Let Ki for 1 ≤ i ≤ 2m − 1 denote the distinct relative quadratic subextensions Ki/F of
L/F and i the evaluator Ki/F . Then
L/F =
1
(2m−1)r
[− (2m − 2) 2−rF/F + (1 + · · ·+ 2m−1)] . (3.9)
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where
F/F =
hF,S
wF
uˆ1 ∧ uˆ2 · · · ∧ uˆr. (3.10)
Suppose now that u1,i, u2,i, . . . ur,i ∈ Ki form a basis for UKi,S/UF,SµKi modulo its torsion
subgroup. Similarly let u˜1,i, u˜2,i, . . . , u˜r,i ∈ Ki such that u˜1+τi1,i , u˜1+τi2,i , . . . , u˜1+τir,i form a basis
for U1+τiKi,S/µ
1+τi
Ki
. We may rewrite L/F as
2mr−rL/F =
2m−1∑
i=1
(
hF,S
2rwF
[
UF,S : U
1+τi
Ki,S
µF
] u˜1+τi1,i ∧ · · · ∧ u˜1+τir,i − hF,S2rwF uˆ1 ∧ · · · ∧ uˆr
)
+
∑
#SKi=2r+1
(
hKi,SwF
2rhF,SwKiQi
u1−τi1,i ∧ · · · ∧ u1−τir,i
)
+
1
2r
F/F
We note that the condition that #SKi = 2r+1 is equivalent to specifying that exactly
r primes of S split in Ki/F . For all i, the set {u˜1+τi1,i , . . . u˜1+τir,i } generates a Z-submodule
of that generated by the set {uˆ1, . . . , uˆr} of index
[
UF,S : U
1+τi
Ki,S
µF
]
. Applying Lemma
3.2.1 for each i, one has
hF,S
2rwF
[
UF,S : U
1+τi
Ki,S
µF
] u˜1+τi1,i ∧ · · · ∧ u˜1+τir,i = hF,S2rwF uˆ1 ∧ · · · ∧ uˆr.
The first sum vanishes leaving us with
L/F =
1
2mr−r
2m−1∑
i=1
(
hKi,SwF
2rhF,SwKiQi
u1−τi1,i ∧ · · · ∧ u1−τir,i
)
+
1
2mr
F/F . (3.11)
Our goal is to find conditions under which the evaluator L/F lies in
∧r
1 UL,S (Defini-
tion 3.1.8). We will need the following lemma. Let G = Gal(L/F ) and let NG =
∑
g∈G g
denote the norm element of Z[G].
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Lemma 3.2.2. Let φ ∈ U∗L,S and uk ∈ UF,S for some integer k. If σ ∈ G then one has
σ · φ(u) = nNG for some n ∈ Z.
Proof. This is a straightforward computation. Let φ(u) =
∑
g∈G ngg and n = nid. Since
(uk)σ = uk, one has
φ((uk)σ) = kσ · φ(u) = kσ ·
∑
g∈G
ngg = k
∑
g∈G
ng(gσ) = kφ(u) = k
∑
g∈G
ngg. (3.12)
Therefore, ngσ = ng for all σ ∈ G. Therefore φ(u) = nNG.
3.3 Theorems
Based on this computation and the definition of the lattice
∧
1 UL,S we are ready to state
a sufficient condition for 1
2mr
F/F to lie in
∧
1 UL,S.
Theorem 3.3.1. If 2m | hF,S then one has 12mr F/F ∈
∧
1 UL,S.
Proof. Let uˆ1, uˆ2, . . . , uˆr give a basis for UF,S/µF . Let φ1, φ2, . . . , φr−1 ∈ U∗L,S. We need
to show that
φ1 ∧ · · · ∧ φr−1
(
F/F
)
=
hF,S
wF2mr
r∑
k=1
(−1)k
(
det
j 6=k
φi(uˆj)
)
· uk ∈ 1
wL
U˜L,S.
Since wF | wL it suffices to show that for all k = 1, . . . , r we have
hF,S
2mr
(
det
j 6=k
φi(uˆj)
)
· uˆk ∈ U˜L,S.
From the lemma we know that
φi(uˆj) = nijNG ∀ i, j. (3.13)
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This implies that
det
j 6=k
φi(uˆj) = det(nij)N
r−1
G . (3.14)
Since uˆk ∈ F, we have
hF,S
2mr
(
det
j 6=k
φi(uˆj)
)
· uˆk = hF,S
2mr
det(nij)N
r−1
G · uˆk
=
hF,S
2mr
det(nij)(2
m)r−1 · uˆk
=
hF,S
2m
det(nij) · uˆk.
As the factor det(nij) is clearly an integer the proof is complete.
Theorem 2.1 of [20] shows that L/F − 12mr F/F lies in
∧
1 UL,S whenever L/F is
multiquadratic. Combining this with the previous result gives us the following result.
Corollary 3.3.2. If G = Gal(L/F ) has exponent 2 and 2m | hF,S then conjecture
C ′(L/F, S, r) holds.
In order to prove the full conjecture we will need stronger hypotheses. Let rk2(ClF,S)
denote the 2-rank of the S-class group of F . Sands has shown [20, Theorem 2.2] that
the element L/F − 12mr F/F ∈
∧r
0 UL,S provided that rk2(ClF,S) ≥ m. Note that this is
stronger than the assumption that 2m | hF,S.
Theorem 3.3.3. If 2m | hF,S then one has 12mr F/F ∈
∧r
0 UL,S.
Proof. Let uˆ1, uˆ2, . . . , uˆr give a basis for UF,S/µF . From the proof of Theorem 3.3.1 it
suffices to show that for k = 1, . . . , r we have wL
wF
· uˆk ∈ U˜abL,S. This element is the image
in U˜L,S of u
wL
wF
k . The field
L
((
u
wL
wF
k
) 1
wL
)
= L
(
u
1
wF
k
)
(3.15)
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is the compositum of the fields L and F
(
u
1
wF
k
)
, both of which are abelian over F . This
proves that 1
2mr
F/F ∈
∧
0 UL,S.
Combining our result with the work of Sands we have the
Corollary 3.3.4. If #S ≥ r + 1 and G has exponent 2 and order 2m then Conjecture
C(L/F, S, r) holds provided that #S+rk2(ClF,S) ≥ r+m+1 and, when #S+rk2(ClF,S) ≤
r +m+ 2, we have
√−1 /∈ L.
We have noticed that the truth of the conjectures in the multiquadratic case depends
on the exact power of 2 that divides the S-class number hF,S of S. The following lemma
establishes a lower bound for this power of 2.
Lemma 3.3.5. If S = {v1, v2, . . . , vr, vr+1} where vr+1 is a finite prime that does not
split in L/F and divides (p) ⊂ Z, where p 6= 2, then 2m−2 | hF,S. In fact, we show that
rk2(ClF,S) ≥ m− 2.
Proof. Let wr+1 = P lie over vr+1 = p. Let GP and IP be the decomposition and the
inertia groups associated to P | p respectively 2.5.1. Let
G−1 ⊃ G0 = IP ⊃ G1 ⊃ · · · (3.16)
be the chain of higher ramification groups associated to P | p. We know that IP/G1 ∼=
H ≤ (Fpn)× [13, Proposition II.10.2]. Also, G1 is the unique p-Sylow subgroup of IP
[13]. Therefore G1 = 1 and we have IP ∼= H ≤ (Fpn)×. This implies that either #IP = 1
or 2. Let HF,S be the maximal abelian extension of F in which all primes of S split
completely. If LGP denotes the field fixed by GP then L
GP ⊂ HF,S. As [L : LIP ] ≤ 2
and LIP/LGP is a cyclic extension one knows that [LGP : F ] ≥ 2m−2. It follows that
rk2(ClF,S) ≥ m− 2 and so 2m−2 | hF,S.
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3.4 An Example
We provide an example for which Theorem 3.3.3 does not apply. Let F = Q(
√
165) and
L = Q(
√
3,
√
5,
√
11). One has G = Gal(L/F ) ∼= (Z/2Z)2. Let S = {∞1,∞2, 2OF}.
The two infinite primes split completely in L/F while the ideal generated by 2 (this
ideal is prime in F/Q) ramifies. Therefore r = 2 is the order of vanishing of the Artin
L-functions associated to G. The quotient UF,S/µF,S is generated by
13+
√
165
2
and 2. The
S-class number of F is hF,S = 2 and wF = wL = 2.
We would like to determine whether the element 1
2mr
F/F =
hF,S
wF 24
13+
√
165
2
∧ 2 lies
in
∧r
1 UL,S. In order to do this we must find a basis for U
∗
L,S. One has a canonical
isomorphism [18, page 37]
HomZ(UL,S,Z)
Φ−→ HomZ[G](UL,S,Z[G]) (3.17)
φ 7−→ (u 7→
∑
σ∈G
φ(uσ) · σ−1). (3.18)
We compute a basis u1, u2, . . . , u9 for UL,S/µL using Sage [19]. This basis determines a
dual basis u∗1, u
∗
2, . . . , u
∗
9 for HomZ(UL,S/µL,Z). We now represent 13+
√
165
2
and 2 in terms
of the basis for UL,S/µK and obtain
13 +
√
165
2
= u−24
2 = −u21u2u−13 u28u29.
Let φi denote the image of ui in HomZ[G](UL,S,Z[G]) under the composition of the map
sending ui to u
∗
i and Φ. The homomorphism in 3.17 above gives φi(uj) = δij. In
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particular we apply φ2 to
hF,S
wF 24
13+
√
165
2
∧ 2 to obtain in QUL,S
φ2
(
hF,S
wF24
13 +
√
165
2
∧ 2
)
=
1
16
(
(−1)φ2
(
13 +
√
165
2
)
· 2 + φ2(2) ·
(
13 +
√
165
2
))
=
1
16
(
0 · 2 +NG ·
(
13 +
√
165
2
))
.
In UL,S, this element is
(
13 +
√
165
2
)NG
16
=
(
13 +
√
165
2
) 1
4
which (as 13+
√
165
2
is a square in UL,S) maps to an element of
1
wL
U˜L,S. One can check
in a similar way that φi(uj) ∈ 1wL U˜L,S for i, j = 1, . . . , 9. As any element of U∗L,S may
be expressed as a linear combination of the φi we see that
1
2mr
F/F =
hF,S
wF 24
13+
√
165
2
∧ 2 ∈∧r
1 UL,S yet 2
m does not divide hF,S. The previous example suggests that when a
fundamental unit of the base field is a square of an S-unit in the top field, the power of
2 required to divide hF,S decreases by one. This leads us to the following result.
Proposition 3.4.1. If u1, u2, . . . , ur form a basis for UF,S/µF,S and ui = v
2 for some
v ∈ UL,S and i ∈ {1, 2, . . . r} then conjecture C ′(L/F, S, r) holds provided 2m−1 | hF,S
Proof. We return to the computation performed in the proof of Theorem 3.3.1. We wish
to show that for each k = 1, . . . , r we have
hF,S
2mr
(
det
j 6=k
φi(uˆj)
)
· uˆk ∈ U˜L,S.
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If k = 1 we have
hF,S
2mr
(
det
j 6=1
φi(uˆj)
)
· uˆ1 = hF,S
2mr
det(nij)N
r−1
G · v2
=
hF,S
2mr
det(nij)(2
m)r−1 · v2 = hF,S
2m−1
det(nij) · v.
This element lies in U˜L,S provided 2
m−1 | hF,S. Now let us suppose that k 6= 1. Then we
have
hF,S
2mr
(
det
j 6=k
φi(uˆj)
)
· uˆk =hF,S
2mr
det

φ1(u1) . . . φ1(ur)
...
. . .
...
φr(u1) . . . φr(ur)
 · uk
=
hF,S
2mr
det

φ1(v
2) . . . φ1(ur)
...
. . .
...
φr(v
2) . . . φr(ur)
 · uk
=
hF,S
2mr
det

2φ1(v) . . . φ1(ur)
...
. . .
...
2φr(v) . . . φr(ur)
 · uk
=
hF,S
2mr
2 det(nij)N
r−1
G · uk
=
hF,S
2m−1
det(nij) · uk.
This lies in U˜L,S provided 2
m−1 | hF,S.
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Chapter 4
New Results, Computations, and
Future Directions
4.1 Statement of Theorems
In this chapter we will prove three theorems that will provide us with an infinite
collection of settings in which we are able to prove Popescu’s Conjecture. For the rest
of the chapter pi, qj, and l will denote rational primes for all natural numbers i and j.
If Q is a subset of Z then F (
√
Q) will denote the field obtained by adjoining the square
root of each element of Q to the field F . The first two theorems will focus on a real
quadratic base field F. We will denote the two infinite primes of F by ∞1 and ∞2 and
its fundamental unit by η.
Theorem 4.1.1. Suppose p1p2 · · · pt = m ≡ 5 (mod 8). Let Q = {q1, q2, . . . , qk} (
{p1, p2, . . . , pt} for which at least one qi 6≡ 1 (mod 4). Let F = Q(
√
m), L = F (
√
Q),
and S = {∞1,∞2, 2OF}.
1. If #Q < t− 1, then conjecture C(L/F, S, 2) holds.
2. If #Q = t− 1 and η = u2 for u ∈ UL,S, then conjecture C ′(L/F, S, 2) holds.
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Theorem 4.1.2. Suppose p1 ≡ p2 ≡ · · · ≡ p2t+1 ≡ 5 (mod 8). Let Q ( {p1, p2, . . . , p2t+1}.
Let lOF be a prime ideal. Let F = Q(√p1p2 · · · p2t+1), L = F (
√
Q ∪ {l}), and S =
{∞1∞2, lOF}.
1. If #Q < 2t, then conjecture C(L/F, S, 2) holds.
2. If #Q = 2t, then conjecture C ′(L/F, S, 2) holds.
In the next theorem F will be a purely real quartic field with infinite primes∞1,∞2,
and ∞3.
Theorem 4.1.3. Suppose p1 ≡ p2 ≡ · · · ≡ pt ≡ 5 (mod 8). Let Q ⊂ {p1, p2, . . . , pt}.
Let lOF be a prime ideal. Let F = Q( 4
√
2p21p
2
2 · · · p2t ), L = F (
√
Q ∪ {l}), and S =
{∞1∞2,∞3, lOF}.
1. If #Q < t, then conjecture C(L/F, S, 3) holds.
2. If #Q = t, then conjecture C ′(L/F, S, 3) holds.
4.2 Quadratic Base Fields
The example of section 2.3 leads us to consider the following class of examples.
Let F = Q(√p1p2 · · · pt) where p1, p2, . . . , pt are rational primes for which the product
p1p2 · · · pt ≡ 5 (mod 8). Let Q = {q1, q2, . . . , qk} ( {p1, p2, . . . , pt} be a set of primes
for which at least one qi 6≡ 1 (mod 4). Let L = F (
√
Q). The extension L/F is multi-
quadratic with Galois group G ∼= (Z/2Z)k. The ideal 2OF is prime and ramifies in each
relative quadratic extension F (
√
qi)/F for which qi 6≡ 1 (mod 4). All other prime ideals
of OF are unramified in L/F . Genus Theory [12, Proposition 2.12] shows that we have
rk2(ClF ) = t−2. If we let S = {∞1,∞2, 2OF}, the data (L/F, S, 2) satisfies Hypotheses
3.1.1.
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As an example let F = Q(
√
3 · 5 · 7 · 13) = Q(√1365). Since the ideal 2OF is
principal, we have rk2(ClF,S) = rk2(ClF ) = 2. For the five biquadratic extensions L =
F (
√
3,
√
5), F (
√
3,
√
7), F (
√
3,
√
13), F (
√
5,
√
7), and F (
√
7,
√
13) the data (L/F, S, 2)
satisfies the hypotheses of Corollary 3.3.4, proving conjecture C(L/F, S, 2).
When L = F (
√
3,
√
5,
√
7) the extension L/F has degree n = 23 and hence does not
satisfy the hypotheses of Corollary 3.3.4. We use the following routine in Magma [1] to
determine if the fundamental unit of F , η, becomes a square in UL,S.
Routine 4.2.1.
P<x>:=PolynomialRing(Rationals());
F<t>:=NumberField(x2 − 3 ∗ 5 ∗ 7 ∗ 13);
L<u,v,w>:=ext<F|x2 − 3, x2 − 5, x2 − 7>;
Labs:=AbsoluteField(L);
O F:=MaximalOrder(F);
U F,m F:=UnitGroup(O F);
u:=m F(U F.2);
IsSquare(L!u)
The commands initialize the fields F and L as well as the integers and units of F . The
final command asks whether or not η is a square in L. The output is yes. As η is a
square in L, it is a square in UL,S. We apply proposition 3.4.1 to conclude that conjecture
C ′(L/F, S, 2) holds.
To find a larger collection of new settings of Popescu’s conjecture take F =
Q(
√
3 · 5 · 7 · 11 · 17 · 23 · 41). We have rk2(ClF,S) = 5. By adjoining square roots of
primes in the set {3, 5, 7, 11, 17, 23, 41} to F we are able to find 18, 34, 35, 21 new settings
with G = (Z/2Z)s with s = 2, 3, 4, 5, respectively. We are able to implement routine
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4.2.1 to see that when we take L = F (
√
3,
√
5, . . . ,
√
23), η becomes a square in L. We
are therefore able to prove conjecture C ′(L/F, S, 2) for this extension L/F .
Proof of Theorem 4.1.1. Genus theory shows [12, Proposition 2.12] that the 2-rank of
the class group of F has rk2(ClF ) = t− 2. From definition 2.3.3 and our choice of S we
see that rk2(ClF,S) = rk2(ClF ). If #Q ≤ t− 2 then [L : F ] ≤ 2t−2 and the conditions of
Corollary 3.3.4 are satisfied. Therefore conjecture C(L/F, S, 2) holds.
Now suppose that #Q = t − 1 and η = u2 for u ∈ UL,S. Then [L : F ] = 2t−1 and
the conditions of proposition 3.4.1 are satisfied. Conjecture C ′(L/F, S, 2) follows.
This infinite class of examples features the same set of primes S = {∞1,∞2, 2OF}
of the base field. We would like to consider extensions L/F where a prime p not dividing
2 ramifies. To accomplish this we choose a set of primes P = {p1, p2, . . . p2t+1} for which
p1 ≡ p2 ≡ · · · ≡ p2t+1 ≡ 5 (mod 8).
Let F = Q(√p1p2 · · · p2t+1). The extension F/Q is unramified away from p1, . . . p2t+1.
By the Chebotarev Density Theorem [13, Theorem VII.13.4] there exist infinitely many
primes l of Z that are inert in F/Q. Choose one such l. Let Q = {q1, q2, . . . , qk} ( P
and take L = F
(√
Q ∪ {l}
)
. The extension L/F is multiquadratic with Galois group
G ∼= (Z/2Z)k+1. Let S = {∞1,∞2, lOF}. Since the two infinite places split in the
extension L/F , the data (L/F, S, 2) satisfies Hypotheses 3.1.1.
As an example let us consider F = Q(
√
5 · 13 · 29) = Q(√1885). We let l = 37
and observe that the ideal 37OF is prime. Let S = {∞1,∞2, 37OF}. Since 1885 may
be written as the sum of two squares, Genus Theory [12, Proposition 2.12] shows that
rk2(ClF ) = 2 For the 3 biquadratic extensions L = F (
√
5,
√
37), F (
√
13,
√
37), and
F (
√
29,
√
37) the data (L/F, S, 2) satisfies the hypotheses of Corollary 3.3.4, proving
conjecture C(L/F, S, 2).
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When L = F (
√
5,
√
13,
√
37) the extension L/F has degree n = 23 and therefore
fails to satisfy the hypotheses of Corollary 3.3.4. The fundamental S-unit 37 is a square
in UL,S as
√
37 ∈ L. We may therefore apply proposition 3.4.1 to see that conjecture
C ′(L/F, S, 2) holds.
Proof of Theorem 4.1.2. Genus theory [12, Theorem 2.12] shows that one has rk2(ClF ) =
2t. Since lOF is principal we have rk2(ClF,S) = rk2(ClF ). If #Q < 2t then [L : F ] ≤ 22t
and the conditions of Corollary 3.3.4 are satisfied. Conjecture C(L/F, S, 2) follows.
Now suppose that #Q = 2t. Then [L : F ] = 22t+1 and the conditions of proposition
3.4.1 are satisfied as the fundamental S-unit l is a square in UL,S. Therefore Conjecture
C ′(L/F, S, 2) is true.
4.3 Quartic Base Fields
We would like to find a new collection of base fields F that will allow us to construct
new settings for Popescu’s conjecture. A paper [15] of Parry led us specifically to the
following setting. Let P = {p1, p2, . . . , pt} be a set of rational primes satisfying
p1 ≡ p2 ≡ · · · ≡ pt ≡ 5 (mod 8).
Let F = Q
(
4
√
2p21p
2
2 · · · p2t
)
.
Proposition 4.3.1. There exists a rational prime l for which the ideal lOF is prime.
Proof. Let E = F (i). One observes that G = Gal(E/Q) ∼= D8. Let H be the subgroup of
G fixing F. Let σ ∈ G be an element of order 4. By the Chebotarev Density Theorem [13,
VII.13.4], we may produce a prime Pl of E dividing l of Q for which Pl | l is unramified
and σ = σPl is the Frobenius automorphism of Pl | l (the theorem guarantees that such
42
primes have positive density). Now consider the coset decomposition
G = H ∪Hσ ∪Hσ2 ∪Hσ3.
The cosets above also give us a cycle of σ of length 4. By the rules for prime decompo-
sition in non-Galois extensions [11, III.2.7] l is inert in F/Q. Therefore the ideal lOF is
prime.
Let l be a rational prime for which lOF is a prime ideal. Let Q = {q1, q2, . . . , qk} ( P
and take L = F (
√
Q ∪ {l}). The extension L/F is multiquadratic, with Galois group
G ∼= (Z/2Z)k+1. The ideal lOF ramifies in L/F while all other prime ideals of OF are
unramified. The three infinite primes, {∞1,∞2,∞3}, of F split completely in L/F . If
we let S = {∞1,∞2,∞3, lOF} the data (L/F, S, 3) satisfy hypotheses 3.1.1.
As an example, let F = Q( 4
√
2 · 52 · 132 · 292). We observe that rk2(ClF ) = 2.
The ideal 37OF is prime so we let S = {∞1,∞2,∞3, 37OF}. For the 4 biquadratic
extensions L = F (
√
5,
√
37), F (
√
13,
√
37), and F (
√
29,
√
37) the data (L/F, S, 3) sat-
isfies the hypotheses of Corollary 3.3.4, proving conjecture C(L/F, S, 3). When L =
F (
√
5,
√
13,
√
37) the extension L/F has degree n = 23, one power of 2 too large to
apply Corollary 3.3.4. However, the fundamental S-unit, 37, becomes a square in UL,S.
We are therefore able to apply proposition 3.4.1 to prove Conjecture C ′(L/F, S, 3).
Proof. We observe that for each odd prime pi dividing the discriminant of F/Q the
extension F (
√
pi)/F is unramified. The only prime pi ⊂ OF that could ramify in this ex-
tension would divide pi. Observe that F (
√
pi)/F = F
(√√
2p1p2 · · · pi−1pi+1 · · · pt
)
/F
and pi could not possibly ramify in the second extension. The unique prime p2 of F di-
viding 2 does not ramify in F (
√
pi) as pi ≡ 5 (mod 8). Therefore F (√p1,√p2, . . . ,√pt)
is contained in the Hilbert class field of F . One therefore has rk2(ClF ) ≥ t. Our choice
of S gives rk2(ClF ) = rk2(ClF,S).
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Suppose that #Q < t. Then [L : F ] ≤ 2t. The conditions of Corollary 3.3.4 are
therefore satisfied and Conjecture C(L/F, S, 3) is true.
Now suppose that #Q = t. Then [L : F ] = 2t+1 and the conditions of proposition
3.4.1 are satisfied as the fundamental S-unit l is a square in UL,S. Therefore Conjecture
C ′(L/F, S, 3) is true.
4.4 Future Directions
We intend to work on strengthening Corollary 3.3.4 in order to prove conjecture
C(L/F, S, r) for all multiquadratic conjectures under less restrictive assumptions. This
was half of the original goal of this research. The other half was extending the known
results in the case where #S = r + 1. Our investigations with real quadratic base fields
leads us to make the following conjecture.
Conjecture 4.4.1. Let F, S,Q, and η be as described in Theorem 4.1.1. If #Q = t− 1
then η ∈ U2L,S.
The extension L/F is the largest unramified abelian extension of F whose Galois
group has exponent 2. The condition that the fundamental unit becomes a square in
L is satisfied provided that F (
√
η)/F is unramified. The only prime ideal that could
possibly ramify in this extension is 2OF . By a theorem of Hecke [4, Theorem 10.2.9] 2OF
ramifies in L/F provided η is not a square (mod 4). We have found that Conjecture
4.4.1 is true in every setting we have encountered by implementing Routine 4.2.1.
We are currently in the process of writing an algorithm that will verify Conjecture
4.4.1 for a large number of examples. Routine 4.2.1 requires that one input a set of
primes {p1, p2, . . . pt} that is selected to satisfy the hypotheses of Theorem 4.1.1. The
desired algorithm will accept a pair of natural numbers t and M. It would then verify
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the conjecture for all base fields Q(
√
m) where m is the product of t primes less than or
equal to M that satisfy the hypotheses of Theorem 4.1.1.
Non-abelian and p-adic L-functions are interesting settings that are currently being
explored. We would like to formulate and prove a non-abelian version of Popescu’s
conjecture. The work of Burns and his collaborators on the Equivariant Tamagawa
Number Conjecture has given number theorists a new way of considering higher order
integral Stark type conjectures. There is much work to be done in unraveling what this
work means for Artin L-functions attached to non-abelian extensions in the cases when
the set of primes S of the base field fails to kill the class group ClF,S.
A natural question to ask is whether one may make similar progress in proving
the conjectures when Gal(L/F ) ∼= (Z/pZ)m for p > 2. Caleb Emmons considers this
question for p = 3 briefly in his doctoral dissertation [7]. The primary difficulty with
these sorts of extension is that there is currently no known evaluator element for the
general relative cubic extension as there is for the general relative quadratic extension.
Upon formulating an evaluator element one would seek to build up the full evaluator
L/F from the evaluators for the cubic subextensions.
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